Abstract. We study algebras that are isotopic to Hurwitz algebras. Isomorphism classes of such algebras are shown to correspond to orbits of a certain group action. An explicit, geometrically intutive description of the category of isotopes of Hamilton's quaternions is given. As an application, some known results concerning the classification of finite-dimensional composition algebras are deduced.
Introduction
Let k be a field, and V a vector space over k. We shall say that a quadratic form q : V → k is non-degenerate if the associated bilinear form x, y = q(x + y) − q(x) − q(y) is non-degenerate (i.e., x, V = 0 only if x = 0). A composition algebra is a non-zero (not necessarily associative) algebra A over a field k, equipped with a non-degenerate quadratic form n : A → k such that n(ab) = n(a)n(b) for all a, b ∈ A. The form n is usually called the norm of A. If A possesses an identity element, it is called a Hurwitz algebra. Every Hurwitz algebra has dimension one, two, four or eight (thus, in particular, it is finite dimensional), and can be constructed via an iterative method known as the Cayley-Dickson process.
1 The facts about Hurwitz algebras referred in this section are described in detail in [12] , Chapter VIII.
Two algebras A and B over a field k are said to be isotopic if there exist invertible linear maps α, β, γ : A → B such that γ(ab) = α(x)β(y). Clearly, isotopy is an equivalence relation among k-algebras. If A and B are isotopic then there exist α, β ∈ GL(A) such that the algebra (A, •), with multiplication x • y = α(x)β(y), is isomorphic to B. The algebra (A, •) is called the principal isotope of A determined by α and β, and is denoted by A α,β .
Several important classes of non-associative algebras can be constructed by isotopy from the Hurwitz algebras. Examples include:
(1) All finite-dimensional composition algebras [11, p. 957] . This includes in particular all finite-dimensional absolute valued algebras, which are precisely the finite-dimensional composition algebras over R whose norm is anisotropic (i.e., n(x) = 0 only if x = 0). However, there exist infinite-dimensional composition algebras that are not isotopic to any Hurwitz algebra; see e.g. [2, 5] . (2) All division algebras of dimension two over a field of characteristic different from two [14] . (3) All eight-dimensional division algebras A with the following property: for all non-zero a ∈ A there exists a b ∈ A such that b(ax) = x for all x ∈ A. The purpose of the present article is to give a uniform description of isotopes of Hurwitz algebras. Generalising ideas that have earlier been used in more specialised situations (for example in [14, 1] ), we give a general description of all algebras isotopic to a Hurwitz algebra, encompassing also the case of characteristic two. As a consequence of our study we get a comprehensive picture of all isotopes of Hamilton's quaternion algebra H -a class of real division algebras that has not been studied before.
In Section 2, a general description is given of the category of isotopes of a Hurwitz algebra A. A more elaborate study of the case where (A, n) is a Euclidean space is given in Section 3, bringing about the promised description of isotopes of H. Finally, Section 4 treats composition algebras, showing how a description of these can be deduced from the results in Section 2.
1 Some authors use a weaker notion of non-degeneracy for the norm n, requiring that n(x + y) = n(y) for all y implies x = 0. This definition gives rise to additional unital composition algebras over fields k of characteristic two, in form of purely inseparable field extensions of k [11] . If char k = 2, the two definitions are equivalent.
From here on, let k denote a field. All algebras are, unless otherwise stated, assumed to be finite dimensional over k. Every element a of an algebra A determines linear endomorphisms L a and R a of A, defined by L a (x) = ax and R a (x) = xa. An algebra A is said to be a division algebra if dim A > 0 and L a and R a are bijective for all non-zero a ∈ A. Moreover, A is alternative if the identities x 2 y = x(xy) and xy 2 = (xy)y hold for all x, y ∈ A. Any element x in a Hurwitz algebra A = (A, n) satisfies x 2 = x, 1 x − n(x). Hence, the norm n is uniquely determined by the algebra structure of A, and every algebra morphism of Hurwitz algebras that respects the identity element also preserves the norm. Every Hurwitz algebra has unique non-trivial involution 2 κ : A → A, x →x satisfying x +x ∈ k1 and xx =xx = n(x)1 for all x ∈ A. Moreover, two Hurwitz algebras are isomorphic if and only if their respective norms are equivalent (this was first proved in [9] in characteristic different from two). Quadratic forms occurring as norms of Hurwitz algebras are precisely the m-fold Pfister forms over k, m ∈ {0, 1, 2, 3}. If A is a Hurwitz algebra and a ∈ A, then L a and R a are invertible if and only if n(a) = 0. This is also equivalent to the existence of an inverse a −1 of a in A: since aā =āa = n(a)1, For any algebra A, the nucleus is defined as N (A) = {a ∈ A | (xy)z = x(yz) for a ∈ {x, y, z}}. The nucleus is an associative subalgebra of A. If A is a Hurwitz algebra, then a ∈ N (A) if and only if (xa)y = x(ay) for all x, y ∈ A. If dim A 4 then A is associative and thus N (A) = A; the nucleus of an eight-dimensional Hurwitz algebra is k1.
A similitude of a non-zero quadratic space V = (V, q) is an invertible linear map ϕ : V → V such that q(ϕ(x)) = µ(ϕ)q(x) for all x ∈ V , where µ(ϕ) ∈ k is a scalar independent of x. The element µ(ϕ) is called the multiplier of ϕ. If l = dim V is even, then det(ϕ) = ±µ(ϕ) l/2 [12, 12A] . If char k = 2, a similitude ϕ satisfying det(ϕ) = µ(ϕ) l/2 are said to be proper. In the characteristic two case, a similitude ϕ : V → V is proper if its Dickson invariant (see [12, 12.12] ) is zero. The group of all similitudes of V is denoted by GO(V, q), or GO(V ) for short. The proper similitudes form a normal subgroup GO
is a group homomorphism, the kernel of which is the orthogonal group O(V ). We write O
Let A = (A, n) be a Hurwitz algebra. The set of ϕ ∈ GO(A) for which there exist
This is known as the principle of triality for Hurwitz algebras [16, 3.2] . We call ϕ 1 and ϕ 2 triality components of ϕ. It is not difficult to see that any other pair of triality components of ϕ is of the form (R
* , and that
A groupoid is a category in which every morphism is an isomorphism. Every G-set X (G being some group), defines a groupoid with object class X, and morphisms x → y being the set of group elements g ∈ G satisfying g · x = y. We call this the groupoid of the G-action on X. Given a vector space V over k, and a quadratic form q :
Generally, no notational distinction shall be made between elements in a group/set and cosets or orbits (of some subgroup respecively group action) represented by such elements; for example, any α ∈ GL(A) may also be viewed as an element in PGL(A), depending on the context. If V is a Euclidean space then Pds(V ) denotes the set of positive definite symmetric endomorphisms of V . The set of isomorphisms from an object A to an object B in a category C is denoted by Iso(A, B) = Iso C (A, B). Throughout, C 2 denotes the cyclic group of order two, generated by the canonical involution in a Hurwitz algebra: C 2 = κ = {I, κ}.
General description
Lemma 1. Let A be any algebra, and α, β ∈ GL(A). The isotope A α,β is unital if and only if
Proof. The isotope A α,β = (A, •) is unital if and only if there exists an element e ∈ A such that L 
Proposition 2. Let A be a Hurwitz algebra. Any isotope B of A that has unity is again a Hurwitz algebra, isomorphic to A, and
so B is a Hurwitz algebra. Moreover, L cd : (B, n B ) → (A, n A ) is an isometry. Being isometric as quadratic spaces, A and B are isomorphic algebras.
Corollary 3. Let A be a Hurwitz algebra, and α, β, γ, δ ∈ GL(A). Any isomorphism ϕ : A α,β → A γ,δ is a similitude of (A, n A ) with multiplier n A (ϕ(1)).
Proof. Let ϕ : A α,β → A γ,δ be an isomorphism. It is straightforward to verify that ϕ is also an isomorphism A → B, where
As mentioned in the introduction, the triality principle holds for all similitudes if A is a Hurwitz algebra of dimension two, but only for elements in GO + (A) if dim A 4. This difference (which comes from the fact that if dim A 2 then A is commutative and thus κ ∈ Aut(A)), has implications for the theory of isotopes of A. Set
and PG(A) = G(A)/(k * I).
Proposition 4. Let A = (A, n) be a Hurwitz algebra. If ϕ ∈ G(A) and α, β ∈ GL(A), then ϕ ∈ Iso(A α,β , A γ,δ ) where
and ϕ 1 , ϕ 2 ∈ G are triality components of ϕ. Moreover, Iso(A α,β , A γ,δ ) ⊂ G(A) for all α, β, γ, δ ∈ GL(A). (A, n) . By the first statement of the proposition,
(1)ȳx = xy = (xc)(dȳ) for all x, y ∈ A.
Inserting y = 1 yieldsx = (xc) 
w α, L w β) . Moreover, A α,β ≃ A γ,δ if (α, β) and (γ, δ) represent the same element in PGL(A) 2 . Denote by X A = PGL(A) 2 /N (A) * the orbit set of the action
The group PG(A) acts on X A as follows:
where ϕ 1 and ϕ 2 are triality components of ϕ. Note that for any other choice (ϕ
* of triality components of ϕ,
with respect to (3), hence the action (4) on X A = PGL(A) 2 /N (A) * is well defined. Let X (A) = PG(A) X A be the groupoid of the action (4). For any Hurwitz algebra A, let I (A) denote the category of principal isotopes of A, andǏ (A) the category obtained from I (A) by removing all non-isomorphisms between the objects. Note that if A is a division algebra then so are all its isotopes, and thus any non-zero morphism in I (A) is an isomorphism.
The essence of our findings so far is summarised in the following theorem.
Theorem 6. For any Hurwitz algebra A, the categoriesǏ (A) and X (A) are equivalent. An equivalence F A :Ǐ (A) → X (A) is given by F A (A α,β ) = (α, β) and F A (ϕ) = ϕ.
Proof. Let (α, β), (γ, δ) ∈ GL(A) 2 . If A α,β = A γ,δ then (α, β), (γ, δ) are in the same orbit of the action (2), and hence represent the same object in X A . Proposition 4 guarantees that ϕ · (α, β) = (γ, δ) whenever ϕ ∈ Iso(A α,β , A γ,δ ). This shows that F A is well defined. Clearly, F A is surjective on objects, hence dense as a functor.
If ϕ, ψ ∈ Iso(A α,β , A γ,δ ) and F A (ϕ) = F A (ψ), then ϕ = ρψ for some ρ ∈ k * , so ρI A = ϕψ −1 ∈ Aut(A α,β ). This implies ρ = 1 and ϕ = ψ ; hence F A is faithful. Fullness is clear from the construction. (1) If k is a Euclidean field 3 (e.g. k = R), then the group PGO(A, n) is canonically isomorphic to O(A, n)/(±I), via composition of inclusion and quotient projection:
If A is associative, then its similitudes have a particularly nice form. Let L A * = {L a | a ∈ A * }.
Proposition 8. If
A is an associative Hurwitz algebra then L A * is a normal subgroup of G(A),
Proof. Clearly, L A * is a subgroup of G(A). It is normal, since for all a ∈ A * and ϕ ∈ G(A),
, which concludes the proof of the proposition.
Note that if dim A = 2 then Aut(A) = C 2 . If A is a quaterion algebra then it is central simple, and the Skolem-Noether Theorem gives [10, p. 222 
Whenever A is an associative Hurwitz algebra, the action (4) of an element L a ψ ∈ L A * ⋊ Aut(A) = G(A) on X A can be written as
a ) . For dim A = 2, this description of the groupoid X (A) is equivalent to the isomorphism criterion 1.12 in [14] , applied to isotopes of quadraticétale algebras.
We conclude this section by introducing a numerical, easily computed isomorphism invariant.
Proposition 10. Let A be a Hurwitz algebra of dimension l 2, not isomorphic to k × k, and α, β ∈ GL(A). Then the pair (det(α), det(β)) ∈ k * /k * l 2 is an isomorphism invariant for A α,β .
It is easy to show that L a and R a are proper similitudes with multiplier n A (a) 2 for any a ∈ A * (this, however, is not true for
Let A and l ba as in Proposition 10. For i, j ∈ k * /k * l , setting
the groupoid X (A) can be written as a coproduct
Hence, any subcategory A ⊂ X (A) can be classified by classifying each of the subcategories
As for the real ground field, [R * : R * l ] = 2 for any even number l, the two cosets being represented by 1 and −1, and the quotient projection
, and similarly sign(det(R x )) = sign(det(α)). This means that the decomposition X (A) = i,j∈{−1,1} X (A) i,j here coincides with the "double sign" decomposition for real division algebras, introduced in [3] .
The Euclidean case
The aim of this section is to give a more detailed account for isotopes of real Hurwitz algebras whose underlying quadratic space is Euclidean. Such a Hurwitz algebra is isomorphic to either R, C, H, or O, and the isotopes are precisely the real division algebras that are isotopic to a Hurwitz algebra. The isotopes of C are all the two-dimensional real division algebras, and their classification has been described in [8, 4] . We therefore focus on the higher-dimensional cases, and let A be either H or O. Our main tool will be polar decomposition of linear maps.
Any α ∈ GL(A) can be written as α = α ′ λ, where det(α ′ ) = | det(α)| > 0 and λ ∈ C 2 = {I, κ}. Polar decomposition now yields α ′ = ζδ, with ζ ∈ SO(A) and δ ∈ Pds(A). Hence α = ζδλ, and this decomposition is unique [7, §14] .
Passing to the projective setting, the above implies that every α ∈ PGL(A) factorises uniquely as α = ζδλ with ζ ∈ SO(A)/(±I), δ ∈ SPds(A) = Pds(A) ∩ SL(A), λ ∈ C 2 . As noted in Remark 7, SO(A)/(±I) ≃ PGO + (A), and ζ can indeed be viewed as an element in PGO + (A) instead of SO(A)/(±I). The cyclic group C 2 acts on PGO
and
w ζ , L w η), and we denote the orbit set of this action by PGO + (A) 2 /N (A) * . The argument in the preceding paragraph shows that the PGO
is equivalent to the PGO + (A)-action (4) on X A via the map
of the action (7) is isomorphic to X (A):
, and G A (ϕ) = ϕ for morphisms ϕ ∈ PGO + (A), is an isomorphism of categories.
From here on we focus exclusively on the four-dimensional case, in which A ≃ H. Corollary 9 implies that every element ζ ∈ PGO
.
and the action of ϕ = L s R t on each of the cofactors Y (H) i,j can be studied separately.
For ((ζ, η), (δ, ǫ), (I, I)) ∈ X (H) 1,1 , we have
Hence every orbit in Y (H) 1,1 contains an element of the form ((L a , R b ), (δ, ǫ), (I, I)). Moreover, the action of ϕ = L s R t on such an element is given by
Again, setting s = 1 and t = a −1 gives ϕ = R −1 Remark 13. Proposition 12 shows, in particular, that X (H) i,j ≃ X (H) i ′ ,j ′ for all (i, j), (i ′ , j ′ ) ∈ {−1, 1}
2 .
The image of the group monomorphism H * /R * → PGO + (H), s → c s is {ϕ ∈ PGO + (H) | ϕ(R * 1) = R * 1}, which can be identified with SO 1 (H) = {ϕ ∈ SO(H) | ϕ(1) = 1} ≃ SO(1 ⊥ ). Thus the map f : H * /R * → SO 1 (H), s → c s is an isomorphism, inducing an action of SO 1 (H) on the object set (H * /R * ) 2 × SPds(H) 2 of Z , given by ϕ · ((a, b), (δ, ǫ)) = f −1 (ϕ) · ((a, b), (δ, ǫ)) = ((ϕ(a), ϕ(b)), (ϕδϕ −1 , ϕǫϕ −1 )). This allows for the following geometric interpretation of the category Z . Elements in H * /R * are viewed as lines through the origin in H (that is, elements in the real projective space P(H)), for some s ∈ A * , and that
